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Thanks to the great progress in the development of numerical methods and computer
resources, many classical partial differential equations can now be solved very efficiently
with high accuracy. However, in many cases, the coefficients, boundary conditions as well
as the geometry of the considered partial differential equation may contain uncertainties.
In order to provide meaningful predictions to problems involving uncertain data, there is
a need to investigate efficient numerical methods for handling general stochastic partial
differential equations. The spectral element method, which combines the high-order pre-
cision of spectral methods and the geometrical flexibility of finite element methods, has
achieved great success and is becoming a useful tool for investigation of such equations.
The purpose of this work is to numerically solve differential equations with uncertain
input data by using stochastic Galerkin spectral methods. Some stochastic Galerkin
methods, combining the Askey polynomial chaos expansion for the stochastic inputs and
the spectral method in the physical space, are proposed to approximate some popular
model problems. Precisely, the content of the paper is as follows:
- firstly, the influence of the stochastic input on the numerical solutions and the
accuracy of the numerical method are discussed by performing a numerical investigation
for the stochastic ordinary differential equations.
- secondly, we propose a stochastic Galerkin spectral method for the steady/unsteady
stochastic diffusion problems. The detailed implementation is presented, and its efficiency
is tested by some numerical examples.
- thirdly, as a main part of this work, we propose and analyze a spectral method to
solve the Stokes equations with random coefficients. A stochastic Galerkin approach is
used to reduce the original stochastic Stokes equations into a set of deterministic equations
for the expansion coefficients. Then a PN ×PN−2 spectral method, together with a block
Jacobi iteration is applied to solve the resulting problem. We establish the well-posedness
of the weak formulation and its discrete counterpart. Moreover, we provide a rigorous
convergence analysis and numerical validation.
- finally, we investigate the parameter optimization problem via the variational















Precisely, we consider the optimization of the initial condition for the heat equation
by means of the discrete adjoint assimilations. Spectral methods and the classical
Crank-Nicolson scheme are applied to deduce the full discrete system for the continuous
model, then the variational adjoint assimilation approach is used to derive the gradient
and the corresponding adjoint system. In Particular, a method for choosing optimal step
sizes is presented.
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, x ∈ [−1, 1], t ∈ (0, T ],
u(−1, t) = 1 + σ, u(1, t) = −1, t ∈ (0, T ],
(1-1)
其中，σ > 0为对应左端点 x = −1处边界条件的小扰动，ν > 0为粘性系数。
文献[11,12]中已明确指出，问题(1-1)的解具有一个“边界层”，也就是说解 u将在
[−1, 1]的某段子区间内迅速衰减。定义 z满足方程 u(z) = 0，则 z是时间变量 t的函数且
z(T )将对边界条件相当敏感。这里引用文献[13]的计算结果：固定 ν = 0.05，采用高精度











u = [u1, u2]
T , F (u) = [u2, α
2u1]











这时(1-2)为一个强的抛物型系统，其特征值为 λ1,2 = ±α。当这个系统带有不确定性时，
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